Engel Analysis with Lorenz and Concentration Curves James R. Blaylock and David M. Smallwood
Economic analysis of income transfer programs requires knowledge of how households with different incomes alter expenditure patterns as their incomes change. Classical demand theory, however, provides little guidance for quantifying these income response parameters. Consequently, researchers have relied on statistical approaches to find functional forms which "best" describe the relationship between expenditures and income. The most commonly used specifications (linear, semilogarithmic, and double-logarithmic) imply that the Engel (expenditure) elasticities are monotonically increasing, decreasing, or constant across the income spectrum. However, serious errors may occur if actual elasticities do not adhere to one of these patterns.
This paper utilizes a nontraditional approach. based on income and expenditure distributions, to estimate expenditure elasticities. The method places less emphasis on the mathematical specification of the Engel relation and allows for increased flexibility in elasticity patterns. The primary purposes of this article are to examine household income and expenditure distributions in order to deduce the underlying Engel relationship and to measure inequality within each distribution. When other relevant factors (e.g., prices) are held constant, the expenditure distribution on a commodity is directly related to the income distribution via the commodity's Engel function.
A recently proposed technique for the estimation of Lorenz and concentration curves is employed (Kakwani and Podder) . These curves are directly related to the cumulative distributions of income and expenditures. Expenditure elasticities and measures of income and expenditure inequality can be calculated from the estimated parameters of the Lorenz and concentration curves (Kakwani) . Elasticities thus estimated are not constrained to be monotonic or constant across the income spectrum, and may vary across commodities.
Related objectives are to (a) introduce a generalized functional form to describe the Lorenz and concentration curves, (b) compare estimated expenditure elasticities among three urbanizations for several food groups using U.S. data, (c) examine elasticity patterns within each urbanization, and (d) James R. Blaylock and David M. Smallwood are with the U.S.
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The views expressed in this paper are not necessarily those of USDA or ESS. examine inequality of food expenditure and income distributions for each urbanization.
Lorenz and Concentration Curves
The Lorenz curve relates the cumulative proportion of total income received to the cumulative proportion of population units, with units arranged by ascending level of income. Concentration curves relate the cumulative proportion of economic variables other than income to the cumulative proportion of the population.' Thus, other factors constant, the Lorenz and concentration curves are directly related to each other via the relationship between income and the economic variable of interest. For example, given the income distribution and A -the Engel function for a particular commodity, one can easily derive the expenditure distribution for the commodity. Likewise, given the concentration curve for expenditures on a commodity and the Lorenz curve, one can derive the implied Engel function. The derivation of this relationship, using elasticities, is the subject of this section.
Mathematically, Lorenz and concentration curves can be expressed conveniently in terms of the probability distribution function (PDF) and the first moment distribution function (FMDF) of income and expenditures, respectively. Assuming that per capita income, Y , is randomly distributed with probability density function f ( Y ) , and mean p. thcn the PDF of income is defined as and represents the proportion of the population units having income less than or equal to Y . The FMDF of Y is defined as and represents the proportion of total income received by population units having total income less than or equal to Y. To facilitate estimation, coordinates of the Lorenz and concentration curves are redefined using a method outlined by Kakwani and Podder. This new coordinate system defines the curves in relation to the egalitarian line. Specifically, let B be any point on the Lorenz curve with coordinates [F(Y), F,(Y)] and define new coordinates, The same coordinate transformation for the concentration curves is
The general form of the concentration curve for the ith commodity in terms of the new coordinates is with first and second derivatives defined by
The expenditure elasticity for the ith commodity is defined as where Ei is expenditure and Y denotes income. Using this definition and equations (6), (7), (lo), and ( l l ) , the expenditure elasticity for the ith commodity (in terms of the Lorenz and concentration curves) is If data on per capita expenditure for the ith commodity are grouped by income class, then equation (12) can be used to compute expenditure elasticities at the end points of each class (Kakwani) . In this analysis the elasticities derived using the above procedures are conditioned on income and urbanization. The effect of other variables is assumed to be minimal. However, this kind of analysis can be extended to other possible determinants of food expenditures such as race or region by data disaggregation.
An additional benefit of this approach is that measures of income and expenditure inequality can be calculated conveniently using the estimated parameters of the Lorenz and concentration curves.
The most frequently used measure of inequality is the Gini coefficient. The Gini coefficient measures the departure of the Lorenz (or concentration) curve from the egalitarian line. It is the ratio of the area between the egalitarian line and the Lorenz (or concentration) curve and the total area under the egalitarian line. Since the area under the egalitarian line is Yz, this ratio is equal to twice the area between the Lorenz curve and the egalitarian line. In terms of the translated coordinate system, the Gini coefficient for income (or expenditures) is The indices may vary between 0 and 1 for income and between -1 and 1 for expenditure. Negative Gini ratios result from negative expenditure elasticities; the concentration curve lies above the egalitarian line because expenditures are higher at lower incomes than at higher incomes. A Gini coefficient of zero indicates perfect equality of income (or expenditures). A coefficient of one (or minus one for expenditures) reveals total inequality. In this paper, the Gini coefficients are calculated using Simpson's rule for numerical integration.
Model Development
Equations of Lorenz and concentration curves have been derived traditionally from density functions of income and expenditure distributions, respectively, usually with poor results (Kakwani and Podder) . The coordinate system illustrated in the previous section provides the basis for direct estimation of the Lorenz and concentration curves, once their mathematical form is specified. Then, from the estimated parameters of the Lorenz and concentration curves, corresponding expenditure elasticities and Gini coefficients can be calculated.
Kakwani and Podder propose a functional specification for describing relationships g(0) and g,(Oi) based on a modified Beta function. The Box-Cox (B-C) model we propose includes the Kakwani and Podder (K-P) function as a special case and gives a better fit to the data (Box and Cox).
The K-P function for the Lorenz curve is where A, a , and p are parameters to be estimated and e is the equation error term. This general model also applies to concentration curves. Equation (14) can be estimated by ordinary least squares. The Box-Cox transformation for any positive variable W is defined as where y is an unknown parameter. The model we propose for estimating the Lorenz curve is where A, V, 6, A*, a*, and p* are parameters and u is the error term. Equation (16) asymptotically approaches the corresponding K-P function as all transformation parameters approach zero. Thus, the B-C function allows added flexibility in determining the appropriate degree of nonlinearity. The same functional specification as in equation (16) is used for estimating concentration curves.
Equation (16) is nonlinear in the parameters and is estimated via maximum likelihood techniques.
The likelihood function, assuming a normally distributed error term with zero mean and constant variance, is
, where (J(, the Jacobian of the inverse transformation from @IA) to a,, is equal to h aibland the J= 1 product, n, is calculated over all observations. N.
After logarithmic transformation of equation (17), consistent and asymptotically efficient estimates of the parameters can be obtained via a nonlinear maximum likelihood algorithm2 The likelihood functions of the concentration curves can be derived similarly.
Data
The 1972-74 Consumer Expenditure Diary Survey (CEDS), compiled by the Bureau of Labor Statistics, is the source of data for this analysis. Since the CEDS survey covered a period of rapidly rising food prices, only the first year of the survey was used in an attempt to lessen price effects. However, within each year, the survey sample is nationally representative. These data were obtained from a cross-section of U.S. households reporting detailed information on purchases during a two-week period together with socioeconomic data concerning the household units. Prior to this study, this data was extensively examined for reporting and coding errors and was edited into a convenient format (Buse. Mann. Salathe).
The CEDS sample was partitioned into three mutually exclusive and exhaustive urbanization categories. These three subgroups are defined as ( a ) SMSA-population of 50,000 or more: (b) URBAN-population of between 10,000-50,000: and (c) RURAL-population of less than 10,000. Separate analyses were performed on each urbanization category.
Annual income from all sources and weekly expenditures for food at home and away from home were used to analyze food expenditurelincome distributional relationships. Income and expenditures are expressed on a per capita basis to adjust for differences in family size and then aggregated into population percentiles arranged by income.
' Approximate asymptotic standard errors of the parameters from the B-C model are obtained from the negative of the Inverse matrix containing the second partial derivatives of the likelihood function. The standard errors reported in this paper are approximate because it is not possible to compute the expected value of the elements in the information matrix. Hence, care should be taken in the interpretation of t-tests. The Davidon-Fletcher-Powell algorithm (see Powell) was used.
Empirical Results
come are presented graphically in figures 2 and 3 for the food-at-home and food-away-from-home cateParameter estimates and approximate standard er-g o r i e~.Ĩllustrated in these figures are some of the rors for both the K-P and B-C specifications of the diverse elasticity relationships that this model is transformed Lorenz and concentration curves are capable of producing. These relationships may be reported in table 1. Only the SMSA results are increasing, decreasing, relatively constant, or noni n~l u d e d .~ monotonic across the income spectrum. The likelihood ratio test is used to compare the Elasticity patterns vary considerably across ur-K-P specification with the more flexible B-C exten-banization~ and within each urbanization. The sion. This test is appropriate since the two models urban food-at-home elasticity increases up to about are nested: the K-P function is a special case of the the $1,500 per capita income level and then mono-B-C model when A, v, and 6 are zero. The test tonically declines. The rural and SMSA food-atstatistic, -2 times the logarithm of the likelihood home elasticities increase gradually with income. ratio (defined as the ratio of the restricted [K-PI to The food-away-from-home elasticities for these two the unrestricted [B-C] likelihood function), is urbanizations increase monotonically but at a faster asymptotically distributed as a chi-square random rate than the food-at-home elasticities. The foodvariable. Its degrees of freedom correspond to the away-from-home elasticities for the rural and number of independent parametric restrictions SMSA groups are smaller across the entire income (three in this case) used to obtain the reduced or spectrum than the corresponding elasticities for the restricted model. Evaluation of the K-P and B-C urban group. In general, it appears that urban and functions involves comparing the calculated test SMSA residents have a larger elasticity across the statistics with tabulated values of the chi-square entire income spectrum for food away from home variable at the 0.01 significance level. The restricted than do their rural counterparts. The opposite is specification is rejected for large values of the cal-true of food at home for per capita incomes of culated test statistic. $3,000 or more. This may be influenced by location The likelihood ratio test statistics are reported in and travel considerations. table 2. The test results indicate that the B-C model In summary, considerable variation exists in the provides a significant statistical improvement over way residents of different urbanizations (and at difthe K-P model for all estimated Lorenz and concen-ferent income levels within a given urbanization) tration curves. Both the-B-C and K-P models pro-allocate additional dollars of income for food at vide a good fit. However, the B-C model with its home and food away from home. added flexibility performs better.
The Gini coefficients as calculated from the acExpenditure elasticities by urbanization and in-tual observations and those estimated from the paVarameter estimates for all models discussed in this paper and It is complex to calculate even approximate standard errors an analysis for nine major food groups are available from the for elasticities in this highly nonlinear model. Hence, we do not authors.
test for statistical differences in elasticities across urbanizations. as unequally distributed as income. Inequality in the distributions of income and food-at-home expenditure appear to be approximately the same across each urbanization. Food-away-from-home expenditures were more equally distributed in the SMSA and rural groups than in the urban section.
Percentage shares of income and expenditures as calculated from the actual data and B-C curves are presented in table 4. The estimated and actual shares are very close in most instances. This provides further evidence to validate the fit of the B-C model. The share r f income received by the poorest 5% of the total population was approximately 0.6% and was lower than the percentage share of expenditures for any of the food groups. Conversely, the shares of income and food-away-from-home expenditures for the richest 5% of the population were approximately 1% and 1696, respectively. Further comparisons of percentage shares of income and expenditures received by various population subsets within and across urbanizations are possible with the data in table 4.
Conclusions
This paper has shown that elasticity patterns (as income increases) can be diverse and nonmonotonic. The patterns found in this analysis could not be obtained from traditional methods of Engel analysis.
Gini coefficients indicated that income and foodaway-from-home expenditures were distributed more unequally across population groups than food-at-home expenditures. Also, food away from home was found to be more unequally distributed within the urban group than within either the rural or SMSA groups. Conversely, the percentage shares of income and food-at-home expenditures by the poorest segments of the population did not vary substantially across urbanizations. The same was true for the richest population subsets. In summary, several conclusions can be drawn. First, traditional methods for estimating Engel parameters d o not allow the flexibility necessary to characterize the varied elasticity patterns that were found in this study. This is important for policy analysis involving the impact of income transfer programs on population subgroups located at the extremes of the income distribution.
Second, procedures outlined in this paper can yield information not directly obtainable from more traditional methods of Engel analysis. For example, Gini coefficients and income and expenditure shares are easy to calculate.
Finally, the B-C model, while more complicated to estimate, is a significant improvement over the K-P function, especially in the tails of the distribution, for estimating Lorenz and concentration curves.
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